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Abstract
We give an introduction to the concept of Kan extensions, and study its relation with
the notions of coend and adjoint functors. We state and prove in detail a well known
formula to compute Kan extensions by using coends: a certain colimit related to the
concept of copower. Finally, we study the tensor product of functors, and its relation
with Kan extensions, in order to represent the tensor product of C-modules as a partic-
ular case.
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Introduction
The notion of tensor product is ubiquitous in mathematics, but also in other fields such
as Physics. The reader probably had her/his first exposure to this concept in her/his first
courses of linear algebra, when studied tensor product of vector spaces. People who spe-
cialized in algebra in their undergraduate mathematics program took one step forward to
the generalization of tensor product of vector spaces, by studying the tensor product of
modules. In the branch known as homological algebra, it is usual to study at least two
different kinds of tensor products of chain complexes. This point represented for the au-
thor a first contact with the notion of monoidal category, where tensor products are studied
in the abstract framework provided by category theory. The examples of tensor products
mentioned so far satisfy certain universal property, and so it is not surprising that tensor
products appear as a construction widely studied in category theory. Categorical settings
give rise to applications in other branches of mathematics, such as in representation theory
of Artin algebras (specifically, in tilting theory). In this particular field, the notion of tensor
product of C-modules (with C a skeletally small and preadditive category) plays an impor-
tant role. Themain purpose of these notes is to give to this tensor product an interpretation
as a tensor product in a certain category of functors, but for such a task, it comes handy to
be familiar with the concept of Kan extensions.
Besides generalizing the concept of colimit, Kan extensions are universal constructions re-
lated to the notions of adjoint functors and coends. In Section 1, we recall the definition
of Kan extensions and point out its universality by studying their relation with colimits
and adjoint functors. Section 2 is devoted to study the interplay between Kan extensions
and coends. We will see that under certain conditions, it is possible to compute Kan exten-
sions via a formula involving the coend of a certain bifunctor (See Theorem 2.1). We will
give a detailed proof of this formula, which only demands a basic knowledge of universal
constructions, namely, coproducts and coequalizers. Finally, in Section 3 we will recall the
concept of tensor product of functors as a particular coend, and will show how to relate
it to the tensor product of C-modules, widely used in tilting theory. In order to be able to
establish this relation, we need to keep in mind that given a Cop-module F : C −→ Ab and
a C-module G : Cop −→ Ab their tensor product (of functors) F ⊗Cop G exists in the case
where C is small. However, we will see that this fact can be extended to skeletally small
categories, by showing a slight generalization of Theorem 2.1 (See Corollary 3.5).
Notation and preliminaries
Throughout the present notes, we assume the reader is familiar with the following con-
cepts from category theory: universal constructions in categories, functors, natural trans-
formations, representable functors, and adjoint functors; as well as, kernels, cokernels,
and exact sequences in abelian categories. A good introduction to these topics is the
book [Lei14] by T. Leinster. We also assume that the reader is familiar with the notion
of duality. All concepts and results presented in these notes have their corresponding dual
versions, which will be omitted for the sake of simplicity.
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Given a category C, denote by Mor(C) the class of morphisms in C. By X ∈ C we will
mean that X is an object of C. Given X,Y ∈ C, we denote by HomC(X,Y ) the collection of
morphisms from X to Y . If two objects X and Y are isomorphic, we will use the notation
X ≃ Y . A category C′ is a subcategory of C if every object of C′ is an object of C, and
if every morphism of C′ is a morphism of C. If in addition, for every X ∈ C there exists
X ′ ∈ C′ such that X ≃ X ′, C′ is called dense in C.
For the purpose of these notes, HomC(X,Y ) will always be a set, for every X,Y ∈ C. In
other words, categories considered from now on will be locally small. If the collection of
objects of C is also a set, then C is what is known as a small category. Between small and
locally small categories, roughly speaking, we have the notion of skeletally small category,
that is, a category C containing a subcategory C′ which is dense in C.
Wewill use short arrows→ to representmorphisms in a category. Thus, f : X → Y denotes
a morphism in a category, say C, from the objectX to the object Y . Long arrows−→will be
used to represent functors between categories; for example, F : C −→ D denotes a functor
from the category C to the category D. Finally, double arrows ⇒ will represent natural
transformations between functors: given two functors F,G : C −→ D, then α : F ⇒ G
denotes a natural transformation from F to G. In the case α is a natural isomorphism, we
will write F ∼= G.
Given a natural transformation α : F ⇒ G between functors F,G : C −→ D, and two func-
torsK : A −→ C and H : D −→ B, we define:
(1) αK : F ◦K ⇒ G ◦K as the natural transformation given by the family of morphisms
(αK)A := αK(A), for every A ∈ A.
(2) H(α) : H◦F ⇒ H◦G as the natural transformation given by the family of morphisms
(H(α))C := H(αC), for every C ∈ C.
There are more operations between natural transformations, known as horizontal and ver-
tical compositions, which give a 2-category structure to the collection of small categories,
functors, and natural transformations. For the purpose of the present notes, we only need
to recall how the vertical composition is defined. The remaining operations and axioms
defining a 2-category will be omitted, but we refer the interested reader to [Lei04], also by
T. Leinster.
(3) Let F,G,H : C −→ D be functors between categories, and α : F ⇒ G and β : G ⇒ H
be natural transformations. The (vertical) composition β ◦ α : F ⇒ G is the natural
transformation formed by the following family of morphisms:
(β ◦ α)C := βC ◦ αC , for every C ∈ C.
In certain occasions, we will work with some concrete categories, namely: the category Set
of sets and functions; the categories Mod(R) and Mod(Rop) of left and right R-modules,
respectively, and R-homomorphisms; and the category Ab of abelian groups (that is, Z-
modules) and homomorphisms. Given two categories C and D, we denote by Fun(C,D)
the category whose objects are the functors from C to D, and whose morphisms are the
natural transformations between such functors.
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1 Kan extensions
We begin this section recalling the concept of Kan extensions. For simplicity, and due to
the interests of these notes, we only work with left Kan extensions, and omit their dual
analogous of right Kan extensions.
Suppose we are given the following diagram of functors
C E
D
F
K (1.1)
and also that we want to extend F alongK , that is, to construct a functorG : D −→ E such
that F = G ◦K . Some problems may arise regarding this matter:
• Two morphisms in C may have different images under F , but equal underK .
• There may exist X,Y ∈ C such that HomC(X,Y ) = ∅, HomE(F (X), F (Y )) = ∅, and
HomD(K(X),K(Y )) 6= ∅.
Due to these inconveniences, it seems more reasonable to extend F along K by construct-
ing a functor G : D −→ E along with a natural transformation F ⇒ G ◦K . Here is where
the concept of Kan extensions appears.
Definition 1.1
Given two functors F : C −→ E and K : C −→ D, a (left) Kan extension of F along K is a
functorG : D −→ E , along with a natural transformation η : F ⇒ G◦K , satisfying the following:
• Universal property: For any other pair (G′ : D −→ E , η′ : F ⇒ G′ ◦ K), there exists a
unique natural transformation α : G⇒ G′ such that η′ = αK ◦ η.
Graphically, we have the following diagram of functors and natural transformations:
⇓ η
C D E = C ⇓ η′ E
⇓ αK D
D
K G
F
K
G
′
K G
′
F
Figure 1: Universal property of Kan extensions.
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Note that Kan extensions are unique up to natural isomorphisms. That is why we will
refer to G as the Kan extension of F along K , and will be denoted by:
G = LanK(F ).
The notation Lan is simply a contraction of the term “left Kan”.
Presenting most of the interesting examples of Kan extensions would require to recall
several concepts from algebraic topology, model category theory, and graph theory. For
this reason, examples will be omitted. However, we suggest the reader to check the
book [Rie14, Chapter 1] by E. Riehl. For examples more focused in algebraic topology,
the notes [Rie11], also by Riehl, are an excellent source. For examples in model category
theory, we suggest P. S. Hirschhorn’s [Hir03, Proposition 8.4.4]. Finally, for the reader in-
terested in vector spaces or directed graph, we recommend to check M. C. Lehner (B. Sc.)
thesis [Leh14]. One can also find examples related to database migration, developed by D.
I. Spivak in [Spi12], which are also presented in Spivak’s book [Spi14, Section 7.1.4.6] in a
more expository way.
Kan extensions and representable functors
Consider a functorK : C −→ D. For each category E , we have thatK induces a contravari-
ant functor
− ◦K : Fun(D, E) −→ Fun(C, E)
given by (− ◦ K)(G) := G ◦ K , for every G ∈ Fun(D, E). To define − ◦ K on morphisms
in Fun(D, E), suppose we are given a natural transformation ω : G ⇒ G′, with G,G′ ∈
Fun(D, E), then define ω ◦K : G ◦K ⇒ G′ ◦K that the natural transformation ωK .
This functor − ◦K helps us to note that the Kan extension of a functor F : C −→ E along
K is a representation for the functor
HomFun(C,E)(F,− ◦K) : Fun(D, E) −→ Set,
that is, there exists a natural isomorphism
HomFun(C,E)(F,− ◦K) ∼= HomFun(D,E)(LanK(F ),−)
given by η. Indeed, for each G ∈ Fun(D, E), we have a bijection of sets
ηG : HomFun(D,E)(LanK(F ), G)
∼
−→ HomFun(C,E)(F,G ◦K)
α 7→ αK ◦ η.
Moreover, for eachmorphismω : G⇒ G′ in Fun(D, E), we have the following commutative
diagram:
HomFun(D,E)(LanK(F ), G) HomFun(C,E)(F,G ◦K)
HomFun(D,E)(LanK(F ), G
′) HomFun(C,E)(F,G
′ ◦K)
∼
ηG
HomFun(D,E)(LanK(F ), ω) HomFun(C,E)(F, ωK)
∼
ηG′
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By “commutative” we mean that the equality of functions
HomFun(C,E)(F, ωK) ◦ ηG = ηG′ ◦ HomFun(D,E)(LanK(F ), ω)
holds, which is easy to verify.
Kan extensions as adjunctions
In this section we present a first contact to the interplay between Kan extensions and ad-
joint functors. Suppose we are given functors F and K as in (1.1). Under certain condi-
tions, the functor − ◦K : Fun(D, E) −→ Fun(C, E) introduced previously, has a left adjoint.
Namely, assuming that the Kan extension of F along K exists for every F ∈ Fun(C, E) (for
example, this occurs in the case C is small, or skeletally small, and E is cocomplete, studied
in Section 2), we have a functor
LanK(−) : Fun(C, E) −→ Fun(D, E)
defined as F 7→ LanK(F ) on objects of Fun(C, E). In order to define LanK(−) on mor-
phisms of Fun(C, E), we need to use the universal property of Kan extensions. Suppose
we are given a morphism ν : F ⇒ F ′ in Fun(C, E). For LanK(F ) and LanK(F
′) we have
natural transformations η : F ⇒ LanK(F )◦K and η
′ : F ′ → LanK(F
′)◦K which satisfy the
universal property of Kan extensions, and so there exists a unique natural transformation
LanK(ν) : LanK(F )⇒ LanK(F
′)
such that η′ ◦ ν = LanK(ν)K ◦ η. It follows that the mapping ν 7→ LanK(ν) is well defined.
Using the universal property again, one can also show that
LanK(ν
′ ◦ ν) = LanK(ν
′) ◦ LanK(ν) and LanK(idF ) = idLanK(F ),
for each pair of natural transformations ν : F ⇒ F ′ and ν : F ′ ⇒ F ′′.
On the other hand, we have a natural isomorphism
ηG : HomFun(D,E)(LanK(F ), G) ∼= HomFun(C,E)(F,G ◦K),
implying that (LanK(−),−◦K) is an adjoint pair, that is, LanK(−) is a left adjoint of−◦K ,
denoted LanK(−) ⊣ (− ◦K).
Fun(C, E) ⊥ Fun(D, E)
− ◦K
LanK(−)
Colimits as Kan extensions
The following quote is due to Saunders Mac Lane, and can be found in his book [Mac78,
Chapter 10]:
“The notion of Kan extensions subsumes all the other fundamental concepts of Category Theory”.
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Basically, what this quote suggest is that Kan extensions are the most universal construc-
tions in category theory. In this section, we want to emphasize this by showing that the
concept of colimit is a particular Kan extension. Moreover, we complement Mac Lane’s
quote by proving later that adjoint pairs and Kan extensions are somehow equivalent.
Denote by τ the terminal category, that is, τ has only one object, say ∗, and a unique
morphism ∗ → ∗, namely, the identity on ∗. Note that τ is the terminal object in Cat, the
category of small categories and functors, thus suggesting the name “terminal category”
for τ .
Proposition 1.2 (colimits vs. Kan extensions)
The colimit of a functor F : C −→ E exists if, and only if, its Kan extension along the only functor
K : C −→ τ also exists.
Proof.
We only prove the “only if” part, since the “if” part follows in a similar way.
First note that K : C −→ τ is the constant functor given by C 7→ ∗, for every C ∈ C, and by
f 7→ id∗ for every f ∈ Mor(C). Let X ∈ E be the colimit of F . Then, we have a family of
commutative triangles
F (C) F (C ′)
X
F (f)
η
C
ηC
′
with f running over HomC(C,C
′), satisfying the universal property of colimits. Define the
functorG : τ −→ E byG(∗) := X andG(id∗) := idX . Let us verify thatG = LanK(F ). First,
note that the family {ηC : F (C)→ X}C∈C defines a natural transformation η : F ⇒ G ◦K .
We now check that the pair (G, η) satisfies the universal property of Kan extensions. Sup-
pose we have another functor G′ : τ −→ E along with a natural transformation η′ : F ⇒
G′ ◦K . We construct a natural transformation α : G⇒ G′ such that η′ = αK ◦ η. Note that
α is going to be determined by a unique morphism α∗ : X → G
′(∗). Since η′ : F ⇒ G′ ◦K
is a natural transformation, one has that η′C′ ◦ F (f) = η
′
C for every f ∈ HomC(C,C
′). By
the universal property of colimits, we can find such α∗ satisfying α∗ ◦ ηC = η
′
C , for every
C ∈ C. This family of equalities can be represented as η′ = αK ◦ η. Finally, the fact that
α is the only natural transformation G ⇒ G′ satisfying the previous equality, follows by a
straightforward application of the universal property of colimits.
Adjoint pairs vs. Kan extensions
In this section we study the interaction between Kan extensions and adjoint pairs, one of
the most important notions in category theory. Let us first see how Kan extensions can be
obtained from an adjoint pair.
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Proposition 1.3 (from adjoint pairs to Kan extensions)
Let F : C −→ D and G : D −→ C be two functors such that (F,G) is an adjoint pair. Then,
G = LanF (idC). In this case, the natural transformation η : idC ⇒ G◦F satisfying Definition 1.1
coincides with the unit of (F,G).
Proof.
Let η : idC ⇒ G ◦ F be the unit of the adjunction F ⊣ G. Let us prove that (G, η) satisfies
the universal property of Kan extensions for idC along F . Suppose we are given another
functor G′ : D −→ C along with a natural transformation η′ : idC ⇒ G
′ ◦ F . Consider
G(D) ∈ C. Using the counit ǫ : F ◦G⇒ idD of (F,G) and the natural transformation η
′, we
have two morphisms η′
G(D) : G(D) → G
′ ◦ F ◦ G(D) and ǫD : F ◦ G(D) → D, from which
we define αD as:
αD := G
′(ǫD) ◦ η
′
G(D), for everyD ∈ D.
Now for every g ∈ HomD(D,D
′), using the fact that ǫ and η′ are natural transforma-
tions, one can verify that G′(g) ◦ αD = αD′ ◦ G(g), that is, the family of morphisms
α := {αD : G(D) → G
′(D)}D∈D defines a natural transformation α : G ⇒ G
′. We show
that such α satisfies the conditions in Definition 1.1.
Before showing the equality η′ = αF ◦ η, recall that the unit η : idC ⇒ G ◦ F and counit
ǫ : F ◦G⇒ idD of the adjoint pair (F,G) satisfy the equalities
ǫF (C) ◦ F (ηC) = idF (C), for every C ∈ C, (1.2)
G(ǫD) ◦ ηG(D) = idG(D), for everyD ∈ D, (1.3)
which are known as the triangle identities (See [Lei14, Lemma 2.2.2]). Now, using the fact
that η′ is a natural transformation, along with (1.2), we have that (αF ◦ η)C = η
′
C , for every
C ∈ C. Hence, η′ = αF ◦ η.
Finally, suppose that there exists another natural transformation α′ : G ⇒ G′ such that
η′ = α′F ◦ η. Let us show that α = α
′. For everyD ∈ D, we have:
α′D = α
′
D ◦G(ǫD) ◦ ηG(D) (by (1.3))
= G′(ǫD) ◦ α
′
F (G(D)) ◦ ηG(D) (since α
′ is a natural transformation)
= G′(ǫD) ◦ αF (G(D)) ◦ ηG(D) (since η
′ = α′F ◦ η)
= αD ◦G(ǫD) ◦ ηG(D) (since α is a natural transformation)
= αD. (by (1.3))
Therefore,G = LanF (idC), along with the natural transformation η : idC ⇒ G ◦ F .
A natural question arising at this point is under which condition it is possible to show the
converse of Proposition 1.3. That is, how can we obtain adjoint pairs from Kan extensions
of idC? The condition we are interested in is associated to the concept of functors that
preserve Kan extensions, stated below.
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Definition 1.4
Let F : C −→ E be a functor with Kan extension alongK : C −→ D, say (LanK(F ), η). A functor
H : E −→ F preserves (LanK(F ), η) if the pair (H ◦ LanK(F ),H(η)) is the Kan extension of
H ◦ F alongK .
C E F
D
H(η) ⇓
F
K
H
H ◦ LanK(F ) = LanK(H ◦ F )
Figure 2: Preservation of Kan extensions.
The following result is the dual of [Leh14, Theorem 4.5].
Proposition 1.5 (from Kan extensions to adjoint pairs)
If (G, η) is the Kan extension of idC along F , and if F preserves (G, η), then (F,G) is an adjoint
pair whose unit is given by η.
Before giving the proof of the previous proposition, we show the following property of
adjoint pairs, whose proof can be found also in [Leh14, Theorem 4.2], where the author uses
different arguments.
Proposition 1.6
Left adjoint functors preserve (left) Kan extensions.
Proof.
Suppose we are given the following diagram of functors:
C E ⊥ F
D
η ⇓
F
K
H
Q
G
where G = LanK(F ) and H is a left adjoint of Q.
Let us showH ◦G = LanK(H ◦F ). Assume that we are given a functorG
′ : D −→ F along
with a natural transformation γ : H ◦ F ⇒ G′ ◦K .
From the natural transformations Q(γ) : Q ◦H ◦ F ⇒ Q ◦G′ ◦K and µF : F ⇒ Q ◦H ◦ F ,
where µ : idE ⇒ Q ◦H is the unit of the adjoint pair (H,Q), we define
η′ := Q(γ) ◦ µF : F ⇒ Q ◦G
′ ◦K.
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SinceG = LanK(F ), there exists a unique natural transformation α
0 : G⇒ Q◦G′ such that
η′ = α0K ◦ η. Now, considering also the counit ν : H ◦Q ⇒ idF of (H,Q), we have natural
transformations νG′ : H ◦ Q ◦ G
′ ⇒ G′ and H(α0) : H ◦ G ⇒ H ◦ Q ◦ G′, from which we
define:
α := νG′ ◦H(α
0) : H ◦G⇒ G′.
We show that such α satisfies the conditions in the universal property of Definition 1.1.
For every C ∈ C, we have:
(αK ◦H(η))C = αK(C) ◦H(ηC)
= νG′(K(C)) ◦H(α
0
K(C) ◦ ηC)
= νG′(K(C)) ◦H(η
′
C)
= νG′(K(C)) ◦H(Q(γC)) ◦H(µF (C))
= γC ◦ νH(F (C)) ◦H(µF (C)) (since ν is a natural transformation)
= γC . (by (1.2))
Then, we have αK ◦ H(η) = γ. Finally, suppose there is another natural transformation
α′ : H ◦ G ⇒ G′ such that α′K ◦ H(η) = γ. Then, from Q(α
′) : Q ◦ H ◦ G ⇒ Q ◦ G′ and
µG : G⇒ Q ◦H ◦G, we define
α0 := Q(α′) ◦ µG : G⇒ Q ◦G
′.
Using the fact that µ is a natural transformation, we have α0K ◦ η = η
′. Hence, α0 = α0,
since G = LanK(F ). From this fact, we can see that α = α
′. Indeed, for every D ∈ D, we
have:
αD = νG′(D) ◦H(α
0
D) = νG′(D) ◦H(α
0
D)
= νG′(D) ◦H(Q(α
′
D) ◦ µG(D))
= νG′(D) ◦H(Q(α
′
D)) ◦H(µG(D))
= α′D ◦ νH(G(D)) ◦H(µG(D)) (since ν is a natural transformation)
= α′D ◦ idH(G(D)) = α
′
D. (by (1.2))
Therefore, α = α′, and thusH ◦G = LanK(H ◦ F ).
Corollary 1.7
If (F,G) is an adjoint pair with unit η, then F preserves (G, η), where (G, η) is the Kan extension
given by Proposition 1.3.
We are now ready to give a proof of Proposition 1.5. However, we present a more complete
result.
Theorem 1.8 (adjoint pairs vs. Kan extensions)
A functor F : C −→ D has a right adjoint G : D −→ C if, and only if, G = LanF (idC) and
LanF (idC) is preserved by F . In this case, F ⊣ LanF (idC) and η : idC ⇒ LanF (idC) ◦ F is the
unit of the adjunction.
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Proof.
The “only if” part follows from Proposition 1.3 and Corollary 1.7.
Now suppose that idC has Kan extension along F , say (G, η), and that it is preserved by F .
Let us see that F ⊣ G. By [Lei14, Corollary 2.2.6], it suffices to obtain natural transformations
η : idC ⇒ G ◦ F and ǫ : F ◦G⇒ idD satisfying the triangle identities:
(i) idF = ǫF ◦ F (η).
(ii) idG = G(ǫ) ◦ ηG.
Let η : idC ⇒ G ◦ F be the natural transformation accompanying the Kan extensionG. We
know that F preserves (G, η), that is, F ◦G = LanF (F ). Then, there exists a unique natural
transforamtion ǫ : F ◦G⇒ idD such that idF = ǫF ◦ F (η), which proves (i).
⇓ F (η)
C D D = C ⇓ idF D
⇓ ǫF D
D
F F ◦G
F
F
idD
F idD
F
We can obtain (ii) by showing the equality (G(ǫ) ◦ ηG)F ◦ η = η, using the fact that η is a
natural transformation, along with (i). This implies that G(ǫ) ◦ ηG = idG, by the universal
property of (G, η).
⇓ η
C D C = C ⇓ η C
⇓ idG◦F ⇓ (G(ǫ) ◦ ηG)F D
D
F G
idC
F G
F G
idC
2 Coends to compute Kan extensions
Under certain conditions on C, D and E in (1.1), it is possible to compute Kan extensions
by the use of a formula which involves certain colimit, called coend. Below we state such
a formula, for which we give a detailed proof. In [Mac78, Chapter 10, Section 4, Theorem 1],
the reader can find a different proof written by S. Mac Lane.
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Theorem 2.1 (Existence of Kan extensions from coends)
Suppose that C is a small category and that E is a cocomplete category, that is, E has colimits. Then,
given two functors F : C −→ E andK : C −→ D, the Kan extension of F alongK exists, and it is
computed by the expression
LanK(F )(D) =
C∈C∫
HomD(K(C),D)⊙ F (C), (2.1)
for every D ∈ D.
The proof of the previous theorem is rather technical, although not difficult. In order to
understand the meaning of the previous formula, it is necessary to recall the displayed
notation.
The copower bifunctor
The symbol ⊙ in (2.1) is called copower, and it is defined as a bifunctor ⊙ : Set × E −→ E
as follows: if S ∈ Set and E ∈ E , then S ⊙ E is the coproduct of copies of E indexed over
the set S. The natural inclusions of this coproduct will be denoted by iEs : E →֒ S ⊙ E, for
each s ∈ S.
Now let us see how to define − ⊙ − on morphisms of Set and E . First, suppose we are
given a function t : S → U . By the universal property of coproducts, there exists a unique
morphism t⊙ E in E such that the following diagram commutes:
E S ⊙ E
U ⊙ E
iEs
i E
t(s)
∃! t⊙ E (2.2)
On the other hand, suppose we have a morphism f : E1 → E2 in E . Using again the
universal property of coproducts, we have that there exists a unique morphism S ⊙ f in E
such that the following diagram commutes:
E1 S ⊙ E1
E2 S ⊙ E2
iE1s
iE2s
f ∃! S ⊙ f (2.3)
One can also verify that ⊙ : Set× E −→ E , given by the mappings (S,E) 7→ E(S), (t, E) 7→
t⊙ E, and (S, f) 7→ S ⊙ f , is indeed a bifunctor. The details are left to the reader.
Page 14
M. A. Pe´rez Coends and the tensor product of C-modules
The coend of a bifunctor
The symbol
∫
is called coend, and is defined below.
Definition 2.2
Let H : Cop × C −→ E be a bifunctor. A coend of H is an object E ∈ E , along with a family of
morphisms λC : H(C,C)→ E in E , with C running over C, such that the following two properties
hold:
• Naturality: For every f ∈ HomC(C,C
′), the following diagram in E commutes:
H(C ′, C) H(C ′, C ′)
H(C,C) E
H(C′, f)
λC
H(f,C) λC′
That is, λC ◦H(f,C) = λC′ ◦H(C
′, f).
• Universal property: Given another objectE′ ∈ E , along with a family of natural morphisms
λ′C : H(C,C) → E
′ in E , with C running over C, that is, such that λ′C ◦ H(f,C) =
λ′C′ ◦H(C
′, f) for every f ∈ HomC(C,C
′), there exists a unique morphism λ : E → E′ in
E such that λ ◦ λC = λ
′
C , for every C ∈ C.
H(C ′, C) H(C ′, C ′)
H(C,C) E
E′
H(C′, f)
λC
H(f, C) λC′
λ ′
C
λ ′
C ′
∃! λ
Figure 3: Universal property of coends.
A coend of a bifunctor H : Cop × C −→ E , in case it exists, is unique up to isomorphisms,
and will be denoted by
C∈C∫
H(C,C).1
1The notation
∫
H will be used for in-text expressions.
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The following result gives us an alternative way to define the coend of a bifunctor, by using
coproducts and coequalizers.
Proposition 2.3 (equivalent definition of coend)
Let H : Cop × C −→ E a bifunctor, where C is a small category and E is a cocomplete category2.
Then, the coend
∫
H of H exists, and is given by the coequalizer of the morphisms:∐
f∈Mor(C)
H(C ′, f) :
∐
f∈Mor(C)
H(C ′, C)→
∐
C∈C
H(C,C), and
∐
f∈Mor(C)
H(f,C) :
∐
f∈Mor(C)
H(C ′, C)→
∐
C∈C
H(C,C).
Proof.
For simplicity, let us write α =
∐
f∈Mor(C)H(C
′, f) and β =
∐
f∈Mor(C)H(f,C). On the
other hand, let coeq(α, β) denote the coequalizer of α y β, which is accompanied by a
morphism λ :
∐
C∈C H(C,C) → coeq(α, β) which is natural (that is, λ ◦ α = λ ◦ β) and
satisfies the universal property of coequalizers. Let us see that coeq(α, β) andH satisfy the
conditions in Definition 2.2. We first construct morphisms λC : H(C,C) → coeq(α, β), for
which we verify later the naturality condition.
In what follows, it will come handy to notice that α and β are the only morphisms which
make the following diagram commute, for the coproduct
 ∐
f∈HomC(C,C′)
H(C ′, C), kf : H(C
′, C)→
∐
f∈HomC(C,C′)
H(C ′, C)


f∈Mor(C)
:
H(C ′, C ′)
∐
C∈C
H(C,C)
H(C ′, C)
∐
f∈Mor(C)
H(C ′, C)
H(C,C)
∐
C∈C
H(C,C)
H(C′, f)
H(f, C)
jC′
kf
jC
∃! α
∃! β
(2.4)
From the natural inclusions jC : H(C,C)→
∐
C∈C H(C,C), define:
λC := λ ◦ jC , for every C ∈ C.
2Or equivalently, E has coproducts and coequalizers.
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We verify the naturality of the family of morphisms {λC}C∈C . For each f ∈ HomC(C,C
′),
we have:
λC′ ◦H(C
′, f) = λ ◦ jC′ ◦H(C
′, f) = λ ◦ α ◦ kf = λ ◦ β ◦ kf = λ ◦ jC ◦H(f,C)
= λC ◦H(f,C).
Now, to show the universal property, suppose we are given another family of morphisms
λ′C : H(C,C) → E in E , with C ∈ C, such that λ
′
C′ ◦ H(C
′, f) = λ′C ◦ H(f,C) for every
f ∈ HomC(C,C
′). We find a unique morphism ω : coeq(α, β) → E such that ω ◦ λC = λ
′
C
for every C ∈ C′.
First, note that there exists a unique morphism λ′ :
∐
C∈C H(C,C) → E such that the fol-
lowing diagram commutes:
H(C,C)
∐
C∈C
H(C,C)
E
jC
λ ′
C
∃! λ′ (2.5)
The next step is to show that λ′ ◦ α = λ′ ◦ β. For, we use the universal property of the
coproduct
∐
f∈Mor(C)H(C
′, C) in the following commutative diagram:
H(C ′, C)
∐
f∈Mor(C)
H(C ′, C)
E
kf
λ ′
◦ jC ◦H(f, C)
λ′ ◦ βλ′ ◦ α
Indeed, we have
(λ′ ◦ β) ◦ kf = λ
′ ◦ jC ◦H(f,C) = λ
′
C ◦H(f,C)
= λ′C′ ◦H(C
′, f) (since the morphisms λ′C are natural)
= λ′ ◦ jC′ ◦H(C
′, f)
= (λ′ ◦ α) ◦ kf ,
and so λ′ ◦ α = λ′ ◦ β. Thus, using the universal property of coequalizers, there exists a
unique morphism ω : coeq(α, β)→ E such that the following diagram commutes:
∐
f∈Mor(C)
H(C ′, C)
∐
C∈C
H(C,C) coeq(α, β)
E
α
β
λ
λ ′
∃! ω (2.6)
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From this diagram, the definition of λC , and (2.5), it is immediate that ω◦λC = λ
′
C for every
C ∈ C. Finally, to show that such ω is unique, suppose there exists ω′ : coeq(α, β)→ E such
that ω′ ◦ λC = λ
′
C , for every C ∈ C. Then, it is easy to see that (ω
′ ◦ λ) ◦ jC = λ
′ ◦ jC . By the
universal property in (2.5), the equality ω′ ◦ λ = λ′ holds, and so by the universal property
in (2.6), we have ω′ = ω.
We conclude this section proving the following property of coends.
Proposition 2.4 (preservation of coproducts by coends)
If {Hi : C
op × C −→ E}i∈I is a family of functors, where E is a category with coproducts
3, then for
the functorH :=
∐
i∈I Hi : C
op × C −→ E , the coend
∫
H exists and is given by:
C∈C∫
H(C,C) =
∐
i∈I
C∈C∫
Hi(C,C).
Proof.
First, it is important to notice, by the universal property of coproducts, that we have the
following commutative diagrams:
Hi(C
′, C) H(C ′, C)
Hi(C
′, C ′) H(C ′, C ′)
Hi(C
′, f)
j
C′,C
i
j
C′,C′
i
∃! H(C
′, f) (2.7)
Hi(C
′, C) H(C ′, C)
Hi(C,C) H(C,C)
Hi(f, C)
j
C′,C
i
j
C,C
i
∃! H(f,C) (2.8)
Hi(C,C) H(C,C)
C∈C∫
Hi(C,C)
∐
i∈I
C∈C∫
Hi(C,C)
λiC
j
C,C
i
ji
∃! λC (2.9)
where (2.7) and (2.8) show howH is defined on morphisms of Cop × C.
3And so coproducts in Fun(Cop × C, E) also exist.
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Having already the object
∐
i∈I
∫
Hi, since E has coproducts, along with the morphisms
λC : H(C,C) →
∐
i∈I
∫
Hi, we will see that
∐
i∈I
∫
Hi satisfies the properties in Defini-
tion 2.2.
• Let us check that the following diagram commutes (naturality):
H(C ′, C) H(C ′, C ′)
H(C,C)
∐
i∈I
C∈C∫
Hi(C,C)
H(C′, f)
λC
H(f,C) λC′
For this, it suffices to apply the universal property of coproducts in the following
diagram:
Hi(C
′, C) H(C ′, C)
∐
i∈I
C∈C∫
Hi(C,C)
j
C′,C
i
j
i ◦
λ i
C
′ ◦
H
i (C ′
, f)
︸
︷︷
︸
=
j
i ◦λ i
C ◦H
i (f,C
)
λC ◦H(f,C)λC′ ◦H(C
′, f)
Indeed, we have:
(λC′ ◦H(C
′, f)) ◦ jC
′,C = λC′ ◦ j
C′,C′
i ◦Hi(C
′, f) (by (2.7))
= ji ◦ λ
i
C′ ◦Hi(C
′, f) = ji ◦ λ
i
C ◦Hi(C, f), (by (2.9))
(λC ◦H(f,C)) ◦ j
C′,C
i = λC ◦ j
C,C
i ◦Hi(f,C) (by (2.8))
= ji ◦ λ
i
C ◦Hi(f,C). (by (2.9))
• To check the first part of the universal property of coends, suppose we are given
another family {λ′C : H(C,C) → E}C∈C of natural morphisms in E . We will find a
morphism ω :
∐
i∈I
∫
Hi → E in E such that the following diagram commutes:
H(C ′, C) H(C ′, C ′)
H(C,C)
∐
i∈I
C∈C∫
Hi(C,C)
E
H(C′, f)
λC
H(f,C)
λ
′C
′
λ ′
C
λC′
∃! ω
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On the one hand, for each i ∈ I , we have that:
(η′C′ ◦ j
C′,C′
i ) ◦Hi(C
′, f) = η′C′ ◦H(C
′, f) ◦ jC
′,C
i = η
′
C ◦H(f,C) ◦ j
C′,C
i (by (2.7))
= (η′C ◦ j
C,C
i ) ◦Hi(f,C). (by (2.8))
Then, for each i ∈ I there exists a unique morphism ωi :
∫
Hi → E in E such that the
following diagram commutes:
Hi(C
′, C) Hi(C
′, C ′)
Hi(C,C)
C∈C∫
Hi(C,C)
E
Hi(C
′, f)
λiC
Hi(f, C)
λ
′
C
′
◦
j C
′
,C
′
i
λ ′
C ◦ jC,C
i
λiC′
∃! ω
i
(2.10)
Now by the universal property of coproducts we can obtain a unique morphism
ω :
∐
i∈I
∫
Hi → E in E making the following diagram commute:
C∈C∫
Hi(C,C)
∐
i∈I
C∈C∫
Hi(C,C)
E
ω
i
ji
∃! ω (2.11)
The equality ω ◦λC = λ
′
C , with C ∈ C, will be a consequence of the commutativity of
the diagram below, and the universal property of coproducts:
Hi(C,C) H(C,C)
E
λ ′
C ◦ j C,Ci
λ′C ω ◦ λC
j
C,C
i
Indeed,
(ω ◦ λC) ◦ j
C,C
i = ω ◦ ji ◦ λ
i
C = ωi ◦ λ
i
C = λ
′
C ◦ j
C,C
i . (by (2.9), (2.11) and (2.10))
• We now prove the uniqueness of ω. Suppose there is another ω′ :
∐
i∈I
∫
Hi → E in
E such that ω′ ◦λC = λ
′
C for every C ∈ C. In order to show ω
′ = ω, it suffices to verify
ω′ ◦ ji = ωi and to use the universal property of (2.11). Indeed, we have:
(ω′ ◦ ji) ◦ λ
i
C = ω
′ ◦ λC ◦ j
C,C
i = λ
′
C ◦ j
C,C
i = ωi ◦ λ
i
C . (by (2.9) and (2.10))
Therefore,
∫
H exists and is given by the coproduct
∐
i∈I
∫
Hi.
Page 20
M. A. Pe´rez Coends and the tensor product of C-modules
The Kan bifunctor
In Theorem 2.1, for each D ∈ D we have a bifunctor
HD := HomD(K(−),D)⊙ F (−) : C
op × C −→ E ,
which will be referred to as the Kan bifunctor at D. On the other hand, since E is cocom-
plete, we have that
C∈C∫
HD(C,C) =
C∈C∫
HomD(K(C),D)⊙ F (C)
exists by Proposition 2.3, equipped with natural morphisms λDC : HD(C,C)→
∫
HD.
Now suppose that we are given C,C ′ ∈ C and g ∈ HomD(D,D
′). Then, we have a function
HomD(K(C
′), g) : HomD(K(C
′),D)→ HomD(K(C
′),D′).
By the universal property in (2.2), there exists a unique morphism
Hg(C
′, C) := HomD(K(C
′), g) ⊙ F (C)
such that the diagram
F (C) HomD(K(C
′),D)⊙ F (C)
HomD(K(C
′),D′)⊙ F (C)
i
F (C)
h
i F (C)g◦h
∃! Hg(C
′, C) (2.12)
commutes for every h ∈ HomD(K(C
′),D). The morphismsHg(C
′, C) satisfy the following
properties, which are a straightforward consequence of the universal property of coprod-
ucts.
Lemma 2.5
For each pair of morphisms f ∈ HomC(C,C
′) and g ∈ HomD(D,D
′), the following equalities
hold:
Hg(C
′, C ′) ◦HD(C
′, f) = HD′(C
′, f) ◦Hg(C
′, C),
Hg(C,C) ◦HD(f,C) = HD′(f,C) ◦Hg(C
′, C).
The coend of the Kan bifunctor
Keeping in mind the properties of HD and Hg, consider the mapping D 7→
∫
HD, with
D ∈ D.
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Proposition 2.6
The mapping D 7→
∫
HD gives rise to a functor G : D −→ E .
Proof.
Define G : D −→ E on objects and morphisms of D as follows:
(a) G(D) :=
∫
HD, for everyD ∈ D.
(b) Let g ∈ HomD(D,D
′). We use the universal property of coends in the following
diagram:
HD(C
′, C) HD(C
′, C ′) HD′(C
′, C ′)
HD(C,C)
C∈C∫
HD(C,C)
HD′(C,C)
C∈C∫
HD′(C,C)
HD(C
′, f)
λDC
HD(f, C) λDC′
Hg(C
′, C′)
Hg(C,C)
λD
′
C′
λD
′
C
∃! G(g)
(2.13)
By Lemma 2.5, we have that the outer square in (2.13) commutes. Then, there exists
a unique morphism G(g) : G(D) → G(D′) such that the resulting inner diagrams
commute.
By the universal property of coends, one can show that for each pair of morphisms g1 ∈
HomD(D,D
′) and g2 ∈ HomD(D
′,D′′), one has G(g2 ◦ g1) = G(g2) ◦ G(g1) and G(idD) =
idG(D).
Proof of the formula to compute Kan extensions
For the rest of this section, we will focus on proving that G is, indeed, the Kan extension
of F along K . The first thing to do is to construct a natural transformation η : F ⇒ G ◦K .
For each X ∈ C, we define a morphism ηX : F (X)→
∫
HK(X), in such a way that for each
f ∈ HomC(X,Y ) one has the equality
G(K(f)) ◦ ηX = ηY ◦ F (f). (2.14)
Recall thatHK(X)(C,C) = HomD(K(C),K(X))⊙ F (C). In particular, we have the natural
inclusion
i
F (X)
idK(X)
: F (X) →֒ HK(X)(X,X)
and the natural morphism
λ
K(X)
X : HK(X)(X,X)→
C∈C∫
HK(X)(C,C),
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from which we set:
ηX := λ
K(X)
X ◦ i
F (X)
idK(X)
.
Let us check that (2.14) holds:
G(K(f)) ◦ ηX = G(K(f)) ◦ λ
K(X)
X ◦ i
F (X)
idK(X)
= λ
K(Y )
X ◦HK(f)(X,X) ◦ i
F (X)
idK(X)
(by (2.13))
= λ
K(Y )
X ◦ i
F (X)
K(f) (by (2.12))
= λ
K(Y )
X ◦HK(Y )(f,X) ◦ i
F (X)
idK(Y )
(by (2.2))
= λ
K(Y )
Y ◦HK(Y )(Y, F (f)) ◦ i
F (X)
idK(Y )
(by (2.13))
= λ
K(Y )
Y ◦ i
F (Y )
idK(Y )
◦ F (f) (by (2.3))
= ηY ◦ F (f).
Therefore, we conclude the following result.
Proposition 2.7
The family of morphisms {ηX : F (X) →
∫
HK(X)}X∈C in E defines a natural transformation
η : F ⇒ G ◦K , where G : D −→ E is the functor from Proposition 2.6.
We now focus on proving that the pair (G, η) satisfies the universal property of Kan exten-
sions. Suppose we are given a functor G′ : D −→ E along with a natural transformation
η′ : F ⇒ G′ ◦K . We construct a natural transformation α : G⇒ G as in Definition 1.1. Each
morphism αD :
∫
HD → G
′(D) will be obtained using the universal property of coends.
First, note that for every C ∈ C and D ∈ D, there exists a unique morphism
ωDC : HomD(K(C),D)⊙ F (C)→ G
′(D)
such that the following diagram commutes:
F (C) HomD(K(C),D)⊙ F (C)
G′ ◦K(C) G′(D)
i
F (C)
h
G′(h)
η′C ∃! ω
D
C
(2.15)
where h ∈ HomD(K(C),D). Now consider the diagram:
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HD(C
′, C) HD(C
′, C ′)
HD(C,C) G(D)
G′(D)
HD(C
′, f)
λDC
HD(f, C) λDC′ ω D
C
′
ωD
C
∃! α
D
(2.16)
Once we prove the equality ωDC′ ◦HD(C
′, f) = ωDC ◦HD(f,C), that is, that the outer square
in (2.16) commutes, we will be able to assert the existence of a morphism αD making the
resulting inner triangles in (2.16) commute.
The equality ωDC′ ◦ HD(C
′, f) = ωDC ◦ HD(f,C) will be a consequence of the universal
property of coproducts occurring in the following diagram:
F (C) HomD(K(C
′),D)⊙ F (C)
G′ ◦K(C ′) G′(D)
i
F (C)
h
G′(h)
η′C′ ◦ F (f) ω
D
C′ ◦HD(C
′, f) ωDC ◦HD(f, C)
where h ∈ HomD(K(C
′),D). Indeed, we have:
(ωDC′ ◦HD(C
′, f)) ◦ i
F (C)
h = ω
D
C′ ◦ i
F (C′)
h ◦ F (f) (by (2.3))
= G′(h) ◦ η′C′ ◦ F (f) (by (2.15))
= G′(h) ◦G′K(f) ◦ η′C (since η
′ is natural)
= G′(h ◦K(f)) ◦ η′C = ω
D
C ◦ i
F (C)
h◦K(f) (by (2.15))
= (ωDC ◦HD(f,C)) ◦ i
F (C)
h (by (2.2)).
Hence, ωDC′ ◦ HD(C
′, f) = ωDC ◦ HD(f,C). Then, for each D ∈ D, there exists a unique
αD : G(D)→ G
′(D) as in (2.16), that is:
ωDC = αD ◦ λ
D
C , (2.17)
ωDC′ = αD ◦ λ
D
C′ . (2.18)
To show that the family of morphisms {αD : G(D) → G
′(D)}D∈D defines a natural trans-
formation α : G⇒ G′, we use the universal property of coends in the following diagram:
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HD(C
′, C) HD(C
′, C ′) HD′(C
′, C ′)
HD(C,C) G(D)
HD′(C,C) G
′(D′)
HD(C
′, f)
λDC
HD(f, C) λDC′
Hg(C
′, C′)
Hg(C,C)
ωD
′
C′
ωD
′
C
α
D ′ ◦ G(g)
G(g) ◦ α
D
(2.19)
First, note that the outer square commutes:
ωD
′
C ◦Hg(C,C) ◦HD(f,C) = ω
D′
C ◦HD′(f,C) ◦Hg(C
′, C) (by Lemma 2.5)
= ωD
′
C′ ◦HD′(C
′, f) ◦Hg(C
′, C) (by (2.16))
= ωD
′
C′ ◦Hg(C
′, C ′) ◦HD(C
′, f) (by Lemma 2.5).
Now we show αD′ ◦G(g) = G(g) ◦ αD . We will need to use the equality
G(g) ◦ ωDC = ω
D′
C ◦Hg(C,C), (2.20)
for every C ∈ C, which results after applying the universal property of coproducts in the
following commutative diagram:
F (C) HomD(K(C),D)⊙ F (C)
G′ ◦K(C) G′(D′)
i
F (C)
h
G′(g ◦ h)
η′C G(g) ◦ ω
D
C ω
D′
C ◦Hg(C,C)
where h ∈ HomD(K(C),D), and:
(G′(g) ◦ ωDC ) ◦ i
F (C)
h = G
′(g) ◦G′(h) ◦ η′C = G
′(g ◦ h) ◦ η′C , (by (2.15))
(ωD
′
C ◦Hg(C,C)) ◦ i
F (C)
h = ω
D′
C ◦ i
F (C)
g◦h = G
′(g ◦ h) ◦ η′C . (by (2.12) and (2.15))
Thus, we have:
(G(g) ◦ αD) ◦ λ
D
C = G(g) ◦ ω
D
C = ω
D′
C ◦Hg(C,C), (by (2.17) and (2.20))
(αD′ ◦G(g)) ◦ λ
D
C = αD′ ◦ λ
D′
C = ω
D′
C ◦Hg(C,C) ◦Hg(C,C) (by (2.13) and (2.17)).
In a similar way, we have:
(G(g) ◦ αD) ◦ λ
D
C′ = ω
D′
C ◦Hg(C,C),
(αD′ ◦G) ◦ λ
D
C′ = ω
D′
C′ ◦Hg(C
′, C ′).
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Hence, αD′ ◦G(g) = G(g) ◦ αD , that is, α : G⇒ G
′ is a natural transformation.
Now we prove that η′ = αK ◦ η, that is, η
′
X = αK(X) ◦ ηX for everyX ∈ C:
αK(X) ◦ ηX = αK(X) ◦ λ
K(X)
X ◦ i
F (X)
idK(X)
= ω
K(X)
X ◦ i
F (X)
idK(X)
(by (2.17))
= G(idK(X)) ◦ η
′
X (by (2.15))
= η′X .
Finally, let us show the uniqueness of α. Suppose there exists another natural transforma-
tion α′ : G ⇒ G′ such that η′ = α′K ◦ η. For each D ∈ D, the equality αD = α
′
D will follow
from the universal property in (2.16), after verifying that each α′D satisfies the equalities
α′D ◦ λ
D
C = ω
D
C , (2.21)
α′D ◦ λ
D
C′ = ω
D
C′ . (2.22)
To show (2.21), we check that the following diagram commutes:
F (C) HomD(K(C),D)⊙ F (C)
G′K(C) G′(D)
i
F (C)
h
G′(h)
η′C ω
D
C α
′
D ◦ λ
D
C
where h ∈ HomD(K(C),D). We have:
(α′D ◦ λ
D
C ) ◦ i
F (C)
h = α
′
D ◦ λ
D
C ◦Hh(C,C) ◦ i
F (C)
idK(C)
(by (2.12))
= α′D ◦G(h) ◦ λ
K(C)
C ◦ i
F (C)
idK(C)
(by (2.13))
= G′(h) ◦ α′K(C) ◦ λ
K(C)
C ◦ i
F (C)
idK(C)
(since α′ is a natural transformation)
= G′(h) ◦ α′K(C) ◦ ηC
= G′(h) ◦ η′C .
Then, (2.21) holds, while (2.22) follows in a similar way. Thus, we conclude α = α′. There-
fore, (G, η) is the Kan extension of F alongK , thus proving Theorem 2.1.
3 Kan extensions and the tensor product of C-modules
Suppose we are given two functors F : Dop −→ V and G : D −→ M, and a bifunctor
−⊗− : V ×M −→M. If the coend of the bifunctor F (−)⊗G(−) : Dop ×D −→M exists,
the tensor product of F and G is defined as:
F ⊗
D
G :=
D∈D∫
F (D)⊗G(D).
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The following result, which is a consequence of Proposicio´n 2.3, establishes some conditions
under which the tensor product F ⊗D G exists, along with an alternative way to define it.
Corollary 3.1 (equivalent definition of tensor product of functors)
Let D be a small category andM be cocomplete. Then, the tensor product F ⊗D G exists, and is
given by the coequalizer of the following morphisms:∐
g∈Mor(D)
F (D′)⊗G(g) :
∐
g∈Mor(D)
F (D′)⊗G(D)→
∐
D∈D
F (D)⊗G(D), and
∐
g∈Mor(D)
F (g)⊗G(D) :
∐
g∈Mor(D)
F (D′)⊗G(D)→
∐
D∈D
F (D)⊗G(D).
We motivate this section by saying that, in the caseM = V = Set, there is another way to
compute tensor products of functors via adjunctions. Specifically, in this case it is known
that −⊗D − has a left adjoint. The reader can find the proof of this fact in [MM92, Chapter
VII, Theorem 1]. Then, by the dual of Theorem 1.8, we have that −⊗D − is a Kan extension.
Example 3.2
We state some examples of tensor products of functors:
(1) Let R be an associative ring with identity. Let A ∈ Mod(Rop) and B ∈ Mod(R). Note that
A and B can be regarded as functors A : Rop −→ Ab and B : R −→ Ab, where R is the
category with only one object, and whose morphisms are given by the elements of R. On the
other hand, we have a bifunctor − ⊗Z − : Ab × Ab −→ Ab, given by the standard tensor
product of abelian groups. In this case, the tensor product of modules A⊗R B is isomorphic
to the tensor product of functors A⊗R B.
(2) Consider a pair of functors F : C −→ E andK : C −→ D, where C is a small category and E
is cocomplete. For D ∈ D fixed, set the functor
G := HomD(K(−),D) : C
op −→ Set.
In this case, we have:
G⊗
C
F =
C∈C∫
HomD(K(C),D)⊙ F (C) (by the definition of tensor product of functors)
= LanK(F )(D) (by Theorem 2.1).
In particular, we have the equality:
HomD(−,D)⊗
D
F = Lanid(F )(D) = F (D). (3.1)
We devote the rest of this section to studying the tensor product of C-modules, and to
showing that it represents another example of tensor products of functors.
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The category of C-modules
Let C be a skeletally small and preadditive category. Denote byMod(C) := Fun(Cop,Ab) the
category of contravariant functors from C to Ab. We will refer toMod(C) as the category of
(right) C-modules. This category is studied, for example, B. Mitchell’s book [Mit65, page
106]. From this reference, we collect below some properties ofMod(C):
• Mod(C) is an abelian category, since Ab is abelian, where the zero object is given by
the zero functor F : Cop −→ Ab defined as F (C) := 0, for every C ∈ C.
• The kernel of a morphism α : F ⇒ G in Mod(C) is defined component-wise, that is,
for each f ∈ HomC(C1, C2), Ker(α)(f) is the only morphism h : Ker(αC2)→ Ker(αC1)
in Abmaking the following diagram commute:
Ker(αC2) F (C2) G(C2)
Ker(αC1) F (C1) G(C1)
αC2
αC1
F (f) G(f)∃! h
It is not difficult to show that the left-hand square in the previous diagram gives rise
to a natural transformation Ker(α) ⇒ F which satisfies the universal property of
kernels. Dually, one can show that the category Mod(C) also has cokernels defined
component-wise.
• Mod(C) has arbitrary coproducts. Supposewe are given a family of C-modules {Fi}i∈I .
Then, for each C ∈ C, {Fi(C)}i∈I is a family of abelian groups, for which there exists
the coproduct
∐
i∈I Fi(C), along with natural inclusions j
i
C : Fi(C) →
∐
i∈I Fi(C).
Now suppose that we have a morphism f ∈ HomC(C1, C2). By the universal prop-
erty of coproducts in Ab, there exists a unique morphism∐
i∈I
Fi(f) :
∐
i∈I
Fi(C2)→
∐
i∈I
Fi(C1)
in Ab such that the following diagram commutes:
Fi(C2)
∐
i∈I
Fi(C2)
Fi(C1)
∐
i∈I
Fi(C1)
jiC2
jiC1
Fi(f) ∃!
∐
i∈I
Fi(f)
The previous diagram is functorial on the morphisms of C, and so we can define the
coproduct C-module
∐
i∈I Fi : C
op −→ Ab as follows:(∐
i∈I
Fi
)
(f) :=
∐
i∈I
Fi(f).
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Moreover, for each i ∈ I , we have a natural transformation ji : Fi ⇒
∐
i∈I Fi defined
by (ji)C := j
i
C . The C-module
∐
i∈I Fi, along with the family of natural transfor-
mation ji : Fi ⇒
∐
i∈I Fi, defines the coproduct of the family of C-modules {Fi}i∈I .
Dually, one can show thatMod(C) has arbitrary products.
• Every monomorphism inMod(C) is the kernel of somemorphism inMod(C). Indeed,
observe that α : F ⇒ G is a monomorphism in Mod(C) if, and only if, Ker(α) = 0,
which in turn is equivalent toKer(αC) = 0, for everyC ∈ C. From this we can deduce
that if α : F ⇒ G is a monomorphism inMod(C), then for each f ∈ HomC(C1, C2) we
have the following commutative diagram:
0 F (C2) G(C2) CoKer(αC2) 0
0 F (C1) G(C1) CoKer(αC1) 0
αC2 piC2
αC1 piC1
F (f) G(f) ∃! CoKer(α)(f)
One can see that the family of morphisms πC : G(C)→ CoKer(αC) defines a natural
transformation π : G ⇒ CoKer(α), and that Ker(π) = α. Dually, one can note that
every epimorphism inMod(C) is the cokernel of a morphism in Mod(C).
• Since kernels and cokernels of morphisms in Mod(C) are defined component-wise,
we have that a sequence of C-modules
M1 ⇒M2 ⇒M3
is exact if, and only if, for each C ∈ C, the sequence
M1(C)→M2(C)→M3(C)
is exact in Ab.
Probably the reader has already noted that the category Mod(C) has an structure which is
richer than that of an abelian category. Besides having arbitrary products and coproducts,
Mod(C) is also equipped with enough projective and injective objects.
• Every C-module of the form HomC(−, C) : C
op −→ Ab, with C ∈ C fixed, is a pro-
jective object in Mod(C). Moreover, the mapping C 7→ HomC(−, C) defines a (fully
faithful) functor C −→ Mod(C), known as the Yoneda embedding.
• For each family {Ci}i∈I of objects of C, one has that the coproduct
∐
i∈I HomC(−, Ci)
is a projective C-module. We will refer to this type of C-modules as free. Moreover,
Mod(C) has enough projective objects, due to the fact that for each C-moduleM , one
can always construct an epimorphism of the form
∐
i∈I HomC(−, Ci)⇒M , for some
family of objects {Ci}i∈I in C.
Tensor product of C-modules
The tensor product of C-modules is a fundamental construction in tilting theory, as part of
representation theory of algebras. In the 70s, several works by M. Auslander triggered
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the importance of the study of the category of functors (among them, the category of
C-modules) and its tensor product in some contexts of tilting theory of Artin algebras.
Among these works one can find, for instance, [Aus74]. Recently, R. Martı´nez-Villa and M.
Ortiz-Morales revisit Auslander’s works to study tilting theory in the category Mod(C) of
C-modules, constructing in [MO14] a torsion class from a tilting subcategory of Mod(C),
and also proving properties of such classes relative to the tensor product inMod(C).
Keeping inmind the importance of the tensor product of C-modules, we devote this section
to giving a more categorical approach to this notion by using the coend construction.
We begin recalling how to define the tensor product of C-modules. First, suppose we are
given a Cop-module F : C −→ Ab. Next, we will construct a functor
F ⊗− : Mod(C) −→ Ab.
Let A be the full subcategory of Mod(C) whose objects are the free C-modules. Define
F ⊗− : A −→ Ab as follows:
(i) Definition of F ⊗− on objects of A: For each object
∐
i∈I HomC(−, Ci) ofA, set
F ⊗
(∐
i∈I
HomC(−, Ci)
)
:=
∐
i∈I
F (Ci).
By Yoneda Lemma, this expression is well defined.
(ii) Definiton of F ⊗− on morphisms of A: For eachmorphism inA, that is, amorphism
of the form
(HomC(−, fij))(i,j)∈I×J :
∐
i∈I
HomC(−, Ci)⇒
∐
j∈J
HomC(−, Cj),
where fij ∈ HomC(Ci, Cj), define
F ⊗ (HomC(−, fij))(i,j)∈I×J := (F (fij))(i,j)∈I×J ,
as the morphism induced by the universal property of coproducts.
We use partial free resolutions to extend F ⊗− on the whole categoryMod(C).
(iii) Definition of F ⊗− on objects ofMod(C): Let G ∈ Mod(C), and consider a partial
free resolution of G of length 1, that is, an exact sequence inMod(C) of the form∐
i∈I
HomC(−, Ci)
(HomC(−,fij))(i,j)∈I×J
==============⇒
∐
j∈J
HomC(−, Cj)⇒ G⇒ 0.
Applying the functor F⊗− to the left-handmorphism, we obtain the following exact
sequence in Ab:∐
i∈I
F (Ci)
(F (fij))(i,j)∈I×J
−−−−−−−−−−→
∐
j∈J
F (Cj)→ CoKer((F (fij))(i,j)∈I×J)→ 0.
Thus, define
F ⊗G := CoKer((F (fij))(i,j)∈I×J ).
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(iv) Definition of F ⊗− on morphisms ofMod(C): Let η : G ⇒ H be a morphism of C-
modules. Using the universal property of coproducts, one can find unique mor-
phisms inMod(C)
η′ :
∐
j∈J
HomC(−, Cj)⇒
∐
j∈J ′
HomC(−, C
′
j) y η
′′ :
∐
i∈I
HomC(−, Ci)⇒
∐
i∈I′
HomC(−, C
′
i)
such that the following diagram commutes:
∐
i∈I
HomC(−, Ci)
∐
j∈J
HomC(−, Cj) G 0
∐
i∈I′
HomC(−, C
′
i)
∐
j∈J ′
HomC(−, C
′
j) H 0
(HomC(−, fij))(i,j)∈I×J
(HomC(−, f
′
ij))(i,j)∈I′×J′
ηη′′ η′
Applying the functor F ⊗ − : A −→ Ab to the previous diagram, we obtain the fol-
lowing commutative diagram in Ab:
∐
i∈I
F (Ci)
∐
j∈J
F (Cj)
=F⊗G︷ ︸︸ ︷
CoKer((F (fij))(i,j)∈I×J) 0
∐
i∈I′
F (C ′i)
∐
j∈J ′
F (C ′j) CoKer((F (f
′
ij))(i,j)∈I′×J ′)︸ ︷︷ ︸
=F⊗H
0
(F (fij))(i,j)∈I×J
(F (f ′ij))(i,j)∈I′×J′
F ⊗ η′′ F ⊗ η′ ∃! h
Thus, defineF⊗η : F⊗G→ F⊗H as the onlymorphism h appearing in the previous
diagram.
Dually, given a C-module G : Cop −→ Ab, we can construct a functor
−⊗G : Mod(Cop) −→ Ab
such that (∐
i∈I
HomC(Ci,−)
)
⊗G =
∐
i∈I
G(Ci),
for every family {Ci}i∈I of objects of C. The properties of the functors F ⊗ − and − ⊗ G
are summarized in the following result, which is known from [Aus74].
Theorem 3.3 (tensor product of C-modules)
Given a skeletally small preadditive category C, there exists a unique (up to natural isomorphisms)
bifunctor
−⊗− : Mod(Cop)×Mod(C) −→ Ab,
called tensor product, such that for each F ∈ Mod(Cop) andG ∈ Mod(C), the following properties
hold:
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(1) The functors F ⊗ − : Mod(C) −→ Ab and − ⊗ G : Mod(Cop) −→ Ab are right exact and
preserve arbitrary coproducts in Mod(C) andMod(Cop), respectively.
(2) F ⊗ HomC(−, C) = F (C) and HomC(C,−) ⊗G = G(C), for every C ∈ C.
Keeping in mind this review of C-modules, it is time to see how the tensor product of C-
modules − ⊗ − is naturally isomorphic to the tensor product of functors − ⊗Cop −. First,
we will show that −⊗Cop − satisfies conditions (1) and (2) in Theorem 3.3. So −⊗Cop − and
− ⊗ − will be naturally isomorphic. In the end of these notes, we will define an explicit
natural isomorphism −⊗− ⇒ −⊗Cop −.
The tensor product of C-modules as a tensor product of functors
Consider the standard tensor product of abelian groups − ⊗Z − : Ab× Ab −→ Ab. Let us
show that for every F ∈ Mod(Cop) andG ∈ Mod(C), the functor tensor product F⊗CopG :=∫
F ⊗Z G is isomorphic to the tensor product F ⊗G from Theorem 3.3. Before proving this
fact, we need several results. The first thing to notice is that F ⊗Cop G does not necessarily
exist, since according to Corollary 3.1, the category C needs to be small. We will see that this
requisite can be replaced by the more general setting in whicn C is skeletally small. The
tensor product of functors F ⊗Cop G can be computed by using the coend formula (2.1) if C
is small. In order to extend this computation for C skeletally small, we prove the following
extension of Theorem 2.1.
Proposition 3.4
Let F : C −→ E and K : C −→ D be two functors, and J : C′ −→ C an equivalence of categories
such that LanK◦J(F ◦ J) exists. Then so does LanK(F ), and LanK(F ) = LanK◦J(F ◦ J).
Proof.
Let P : C −→ C′ be a functor such that there are natural isomorphisms µ : idC′ ⇒ P ◦ J and
ν : J ◦P ⇒ idC . Since J is an equivalence of categories, (J, P ) is an adjoint pair, and hence µ
and ν satisfy the triangle identities (1.2) and (1.3). DenoteG = LanK◦J(F ◦J), accompanied
by a natural transformation γ : F ◦ J ⇒ G ◦K ◦ J which satisfies the universal property of
Kan extensions.
In what follows, we show that G = LanK(F ). We need to obtain a natural transformation
η : F ⇒ G ◦K as in Definition 1.1. We define such η as:
η := G ◦K(ν) ◦ γP ◦ F (ν
−1).
Suppose we are given another functor G′ : D −→ E along with a natural transformation
η′ : F ⇒ G′ ◦ K . Since G = LanK◦J(F ◦ J), there exists a unique α : G ⇒ G
′ such that
η′J = αK◦J ◦ γ. Let us see η
′ = αK ◦ η. Let C ∈ C. Using the fact that J is an equivalence of
categories, there exists C ′ ∈ C′ such that C ≃ J(C ′). We have:
αK(C) ◦ ηC = αK◦J(C′) ◦ ηJ(C′) = αK◦J(C′) ◦G ◦K(νJ(C′)) ◦ γP (J(C′)) ◦ F (ν
−1
J(C′)).
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On the other hand, we have that νJ(C′) ◦ J(µC′) = idJ(C′), and so νJ(C′) = J(µ
−1
C′ ). Thus,
we have:
αK(C) ◦ ηC = αK◦J(C′) ◦ (G ◦K ◦ J)(µ
−1
C′ ) ◦ γP (J(C′)) ◦ (F ◦ J)(µC′)
= αK◦J(C′) ◦ γC′ ◦ (F ◦ J)(µ
−1
C′ ) ◦ (F ◦ J)(µC′) (since γ is natural)
= αK◦J(C′) ◦ γC′ = η
′
J(C′)
= η′C .
We conclude the proof showing the uniqueness of α is the previous expression. Suppose
there exists α′ : G ⇒ G′ such that α′K ◦ η = η
′. Then, after composing with J , we obtain
α′K◦J ◦ ηJ = η
′
J . Using the same arguments as in the previous chain of equalities, we can
conclude that α′K◦J ◦ γ = αK◦J ◦ γ, and so α
′ = α.
Corollary 3.5
Suppose that C is a skeletally small category and that E is a cocomplete category. Then, for every
pair of functors F : C −→ E andK : C −→ D, the Kan extension of F along K exists.
Proof.
Let C′ be a small and dense subcategory of C. Denote the corresponding inclusion by
J : C′ →֒ C. On the one hand, since C′ is a full subcategory of C, we have that the functor
J is full and faithful. On the other hand, since C′ is dense, we have that J is a dense or
essentially surjective functor. Hence, J turns out to be an equivalence of categories.
Now, since C′ is small, we have that LanK◦J(F ◦ J) exists by Theorem 2.1. Finally, LanK(F )
exists by Proposition 3.4.
From now on, given a skeletally small preadditive category C, we fix a small and dense
subcategory C′ ⊆ C. Due to the previous result, given two functors F : C −→ Ab and
G : Cop −→ Ab, we can compute F ⊗Cop G as the tensor product F ⊗(C′)op G :=
∫
F ⊗Z G,
which exists by Corollary 3.1. Then, in what follows C will be regarded as a small category.
We have the following properties of F ⊗Cop G.
Theorem 3.6
Let C be a skeletally small preadditive category. For every F ∈ Mod(Cop) and G ∈ Mod(C), the
functors
F ⊗
Cop
− : Mod(C) −→ Ab and − ⊗
Cop
G : Mod(Cop) −→ Ab
are right exact and preserve arbitrary coproducts in Mod(C) andMod(Cop), respectively.
Proof.
We only prove the assertions about F ⊗Cop − : Mod(C) −→ Ab, since the proof correspond-
ing to −⊗Cop G : Mod(C
op) −→ Ab follows by a similar reasoning.
We first show that F ⊗Cop − preserves arbitrary coproducts inMod(C). Suppose we have a
coproduct G :=
∐
i∈I Gi inMod(C). Then, we have:
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F ⊗
Cop
G =
C∈Cop∫
F (C)⊗
Z
(∐
i∈I
Gi(C)
)
=
C∈Cop∫ ∐
i∈I
(
F (C)⊗
Z
Gi(C)
)
(since −⊗
Z
− preserves coproducts)
=
∐
i∈I
F ⊗
Cop
Gi. (by Proposition 2.4)
Hence, F ⊗Cop − preserves coproducts.
Nowwe show that F ⊗Cop − is right exact. So suppose we are given a short exact sequence
inMod(C), say:
0⇒ G1
α
=⇒ G2
β
=⇒ G3 ⇒ 0.
Then, for each C ∈ C, we have the short exact sequence in Ab:
0→ G1(C)
αC−−→ G2(C)
βC−−→ G3(C)→ 0.
Now, given C ′ ∈ C, we know that the functor F (C ′) ⊗Z − : Ab → Ab is right exact, which
implies that the following sequence is exact in Ab:
F (C ′)⊗
Z
G1(C)
F (C′)⊗
Z
αC
−−−−−−−−→ F (C ′)⊗
Z
G2(C)
F (C′)⊗
Z
βC
−−−−−−−−→ F (C ′)⊗
Z
G3(C)→ 0.
Since Ab is a Grothendieck category, the direct limit of a direct system of short exact se-
quences in Ab (that is, the colimit over a directed set) is also a short exact sequence in Ab.
On the other hand, a coproduct of a set of short exact sequences is a particular case of
direct limit of its subsets formed by finite coproducts. Thus, we have the following exact
sequence in Ab:∐
f∈Mor(C)
F (C ′)⊗
Z
G1(C)→
∐
f∈Mor(C)
F (C ′)⊗
Z
G2(C)→
∐
f∈Mor(C)
F (C ′)⊗
Z
G3(C)→ 0,
where f ∈ HomC(C,C
′). In a similar way, we have the following exact sequence in Ab:∐
C∈C
F (C)⊗
Z
G1(C)→
∐
C∈C
F (C)⊗
Z
G2(C)→
∐
C∈C
F (C)⊗
Z
G3(C)→ 0.
Thus, we obtain the following commutative diagram in Ab:
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∐
f∈Mod(C)
F (C ′)⊗
Z
G1(C)
∐
C∈C
F (C)⊗
Z
G1(C) F ⊗
Cop
G1 0
∐
f∈Mod(C)
F (C ′)⊗
Z
G2(C)
∐
C∈C
F (C)⊗
Z
G2(C) F ⊗
Cop
G2 0
∐
f∈Mod(C)
F (C ′)⊗
Z
G3(C)
∐
C∈C
F (C)⊗
Z
G3(C) F ⊗
Cop
G3 0
0 0 0
p1
p2
p3
∐
f∈HomC(C
′,C)
F (C′)⊗
Z
αC
∐
f∈HomC(C
′,C)
F (C′)⊗
Z
βC
∐
C∈C
F (C)⊗
Z
αC
∐
C∈C
F (C)⊗
Z
βC
F ⊗
Cop
α
F ⊗
Cop
β
where:
p1 :=
∐
f∈Mor(C)
F (D′)⊗G1(f)−
∐
f∈Mor(D)
F (f)⊗G1(D),
p2 :=
∐
f∈Mor(C)
F (D′)⊗G2(f)−
∐
f∈Mor(D)
F (f)⊗G2(D),
p3 :=
∐
f∈Mor(C)
F (D′)⊗G3(f)−
∐
f∈Mor(D)
F (f)⊗G3(D).
Note that the rows and the first two columns (from left to right) in the previous diagram,
are exact sequences. Since the bottom-right square commutes, it is easy to check that the
morphism F ⊗Cop β is epic. Therefore, the right-hand column is an exact sequence in Ab,
that is, the functor F ⊗Cop − is right exact.
We conclude these notes proving, in two parts, that F⊗CopG = F⊗G, that is, we first show
that the previous equality holds in the case G is free, and then by using free resolutions for
G arbitrary.
LetG =
∐
i∈I HomC(−, Ci) be a free C-module. For each Gi = HomC(−, Ci), we know that:
F ⊗
Cop
Gi = F (Ci), (by the dual of (3.1))
F ⊗Gi = F (Ci). (by Theorem 3.3)
Since F ⊗Cop − and F ⊗− preserve coproducts, we have:
F ⊗
Cop
G =
∐
i∈I
F ⊗
Cop
Gi =
∐
i∈I
F (Ci) =
∐
i∈I
F ⊗Gi = F ⊗G.
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Thus, F ⊗Cop G ≃ F ⊗G, for every free C-module G.
Now let G ∈ Mod(C). Consider a partial free resolution of G, say:∐
i∈I
HomC(−, Ci)⇒
∐
j∈J
HomC(−, Cj)⇒ G⇒ 0.
Applying F ⊗Cop − and F ⊗ −, which are right exact and preserve arbitrary coproducts,
we obtain the following commutative diagram in Abwith exact rows:
F ⊗
Cop
∐
i∈I
HomC(−, Ci) F ⊗
Cop
∐
j∈J
HomC(−, Cj) F ⊗
Cop
G 0
F ⊗
∐
i∈I
HomC(−, Ci) F ⊗
∐
j∈J
HomC(−, Cj) F ⊗G 0
∃! h
where the morphism h, induced by the universal property of coproducts, turns out to be
an isomorphism. Therefore,
F ⊗
Cop
G ≃ F ⊗G,
for every F ∈ Mod(Cop) and G ∈ Mod(C). The fact that the previous isomorphism in
natural is easy to check, and it is left to the reader.
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